The problem of a relativistic bound-state system consisting of two scalar bosons interacting through the exchange of another scalar boson, in 2+1 space-time dimensions, has been studied. The Bethe-Salpeter equation (BSE) was solved by adopting the Nakanishi integral representation (NIR) and the Light-Front projection. The NIR allows us to solve the BSE in Minkowski space, which is a big and important challenge, since most of nonperturbative calculations are done in Euclidean space, e.g. Lattice and Schwinger-Dyson calculations. We have in this work adopted an interaction kernel containing the ladder and cross-ladder exchanges. In order to check that the NIR is also a good representation in 2+1, the coupling constants and Wick-rotated amplitudes have been computed and compared with calculations performed in Euclidean space. Very good agreement between the calculations performed in the Minkowski and Euclidean spaces has been found. This is an important consistence test that allows Minkowski calculations with the Nakanishi representation in 2+1 dimensions. This relativistic approach will allow us to perform applications in condensed matter problems in a near future.
Introduction
Studies of relativistic bound systems in Minkowski space are important in order to understand the structure properties of few-body system in the non-perturbative regime. One of the most important tools for such investigations is the Bethe-Salpeter equation (BSE, [1] ). Solving the BSE in Minkowski space constitutes a difficult task because of the singularities associated with the propagators and the ones in the interaction kernel. The first successful solution of the Bethe-Salpeter equation in Minkowski space was obtained by Kusaka and Williams [2] . They used the Nakanishi Integral Representation (NIR, [3] ) and explored the bound-state two-boson problem by using a scalar χ 2 φ model, i.e. two massive bosons interacting via the exchange of another massive boson, within the ladder approximation.
Another important achievement in solving the BSE was obtained by Karmanov and Carbonell in Ref. [4] . They studied the same model as Kusaka and Williams but used the covariant Light-Front (LF) formalism [5] in addition to the NIR. In this way a more convenient solvable framework was acquired and the cross-ladder contribution was subsequently included in the interaction kernel in Ref. [6] . Furthermore, Gigante et al recently used the scalar χ 2 φ model and studied the cross-ladder effects on the elastic electromagnetic form factor [7] , including the two-body current contribution. The same formalism can also be used to study electroweak form factors in Minkowski space, which is of interest for applications in high-energy neutrino physics, e.g. originated from cosmic rays or remnants [8] , which is measured by experiments as ICECUBE [9] . The previously cited applications of the BSE was performed in the ordinary 3+1 dimensional Minkowski space. Recently, in Ref. [10] , the BSE was also solved for the scalar χ 2 φ model in 2+1 dimensions within the ladder approximation. In the present work we have extended the calculations of Ref. [10] by considering also the cross-ladder contribution to the interaction kernel.
We have solved the BSE in Minkowski space by using the NIR and the LF projection technique, and in this contribution we show that we can obtain precise coupling constants in comparison with the ones obtained in Euclidean space. We also obtain the Nakanishi weight functions, which are metric invariant objects and gives the BS amplitudes in Minkowski space, showing that with the Wick-rotated NIR denominator the solution of the BSE matches with the Euclidean BSE solution. The coupling constants and amplitudes have been computed for different values of the mass of the exchanged boson and the two-body binding energy. The computed results are also compared with calculations performed in Euclidean space which were carried out by using the Wick rotation [11] . This study shows that the NIR is a good representation and can be used to study the relativistic problem in Minkowski space. With this solution, structure observables as parton distributions and form factors, both in timelike and spacelike regions, can be obtained. This is crucial to compute observables that are metric dependent and cannot be computed in Euclidean space. Applications to hadron physics, condensed matter and neutrino physics will be made in a near future. In 2D materials, for example, there are experiments of light absorption by excitons and trions in monolayers of MoS2 [12] , which has an hexagonal structure and is similar to graphene. This kind of materials are known to present Dirac electrons and the excitonic problem could be explored by using the BSE to model the interaction between the electron and the hole.
The Bethe-Salpeter equation and Nakanishi representation
The BS equation in 2+1 dimensions for a bound state with total momentum p 2 = M 2 which is composed of two scalars, each of them having mass m, reads [10] 
where K denotes the interaction kernel which is given by irreducible Feynman diagrams and k is the relative momentum between the two particles.
The BS amplitude, can be expressed in terms of the NIR as
where g(γ , z , κ 2 ) represents the Nakanishi weight function and the mass of the twobody bound state, M , is introduced through the parameter κ 2 = m 2 − M 2 /4 > 0. By substituting the expression (2) for the BS amplitude into (1) and subsequently integrating over k − = k 0 − k 3 , one can derive a non-singular generalized integral equation for the weight function. The coupling constant and the weight function can then be determined by using an expansion in terms of orthogonal polynomials and solving the thus obtained generalized eigenvalue problem. For more details we refer to [13] .
Results for the coupling constants and Euclidean amplitudes
We have in the present work solved the BS equation in 2+1 dimensional Minkowski space by using the method based on an expansion in terms of orthogonal polynomials which was introduced Ref. [13] . The solution of the Euclidean BS equation was determined by first performing a Wick rotation of Eq. (1) and then solving the corresponding integral equation.
In Table 1 the coupling constants for the ladder plus cross-ladder kernel corresponding to the calculations performed in the Minkowski and Euclidean spaces are compared with each other. In the table we show the results for the representative masses µ = 0.1 m and µ = 0.5 m of the exchanged boson, and for various values of the two-body binding energy. It is clearly visible that the Minkowski-space calculations and the Euclidean ones are in perfect agreement with each other.
The Euclidean BS amplitude can be computed either by applying a Wick rotation to Eq. (1) and then solving the ordinary integral equation, or directly from the Nakanishi weight function, see Ref. [14] for more details. In Fig. 1 the Euclidean BS amplitude as a function of k 0 E computed by the two mentioned methods is shown. Results are displayed for the ladder and the ladder plus cross-ladder kernels. It is seen in the figure that the results obtained by using the two methods are indistinguishable from each other. 
